We prove that a conserved effective energy-momentum tensor for Einstein-Cartan theory can be identified from the Noether identities of the matter Lagrangian, using the torsion field equations relating them. More precisely, a one-parameter family labelled by the Immirzi parameter. We use this result and the contorsion description to show that Jacobson's thermodynamical derivation of the Einstein equations follows as in the metric theory, namely from the equilibrium Clausius relation and the fact that a Killing horizon is metric-geodetic. Our derivation works for an arbitrary torsion field. In the course of our discussion we review the laws of black hole mechanics and their dependence on torsion.
I. Introduction
To complete our discussion, we also look at the laws of black hole mechanics in the presence of torsion. The zeroth law is unaffected, and it can be proven exactly as in the metric case, provided that the energy conditions are imposed on T eff . The first law on the other hand depends on torsion. We consider here the 'physical process' version of the first law [7] , which is closely related to Jacobson's argument run backwards. Using the same contorsion decomposition as before, the formal expression of the first law is unchanged, but the quantities appearing depend on torsion through the effective energy-momentum tensor. The second law has a more marginal dependence, in the sense that torsion simply enters the inequalities on the energy conditions required.
Finally we give in Appendix (C) a brief comparison of two slightly different versions of Jacobson's argument [1, 5] , and present an alternative derivation technically closer to the first law.
We use metric signature with mostly plus, and natural units G = c = = 1.
II. Einstein-Cartan field equations and matter sources
Let us begin by briefly reviewing the field equations of Einstein-Cartan theory and the contorsion decomposition. We refer the reader to [8] for more details, and to the Appendix A for definitions and notation. We consider the following first-order action, S EC (e, ω) = 1 16π
where
and γ is the Immirzi parameter. We restrict attention to invertible, right-handed tetrads. The action is then equivalent to first-order general relativity
with initially independent metric and connections, which are related to the fields of (1) by the familiar formulas g µν = e 
We collectively denote the matter fields as ψ, and consider a general matter Lagrangian 
where E m denotes the matter field equations, and we defined the source terms 
1 Sometimes called Einstein-Palatini general relativity because proving its equivalence to general relativity uses the Palatini identity.
The sign choice in the definition of τ is not universal in the literature. We picked it this way in analogy with the metric energy-momentum tensor T 
which coincides with the one of general relativity in the absence of torsion. The field equations obtaining varying (1) and the matter action are 
Here G 
is the first-order Einstein tensor, the Riemann tensor and curvature are related by R µνρσ (e, ω) = e µI e νJ F IJ ρσ (ω), and T I := d ω e I is the torsion. The first set (8a) contains the ten Einstein equations, plus six redundant equations: although G µν (e, ω) is not symmetric a priori, it is easy to show that the Noether identity associated with invariance of the action under internal Lorentz transformations (see (31a) below) implies that the equations for G µ [I e J]µ are automatically satisfied. The relevant content of (8a) is therefore just its symmetric part, which in turn gives the Einstein's equations
or equivalently as functions of (g, Γ) via (4).
In the following, we will refer to (8a) or (10) as Einstein's equations (in the presence of torsion), to be distinguished from the torsion Einstein-Cartan equations (8b), or torsion equations for short. It is often convenient to write the field equations using the language of differential forms, as we did in the action (1) . To that end, we use the Hodge dual mapping p-forms to (4 − p)-forms (see Appendix A for conventions). This allows us to define the Einstein 3-from
where the opposite sign with respect to (9) is a consequence of Lorentzian signature, and equivalently the dual source forms τ I and σ IJ . The field equations (8) then read
A. The contorsion tensor
Although connections form an affine space with no preferred origin, the presence of an invertible tetrad suggests a natural origin: the Levi-Civita connection ω IJ µ (e) associated with the tetrad. We can then always decompose an arbitrary connection into Levi-Civita plus a contorsion tensor C IJ µ as ω
Torsion and curvature are related to the contorsion as follows:
where d ω(e) is the exterior derivative with respect to the Levi-Civita connection. Plugging this decomposition into the field equations we find
The fact that the field equations for the Einstein-Cartan theory can be recasted as in (16) is the source of an old debate in the literature about the role of torsion [9] : if we forget about the notion of affine parallel transport defined by ω IJ , and use simply the one defined by ω IJ (e) in the sector of invertible tetrads, then the theory is indistinguishable from ordinary metric theory with some non-minimal matter coupling. The non-minimality is captured by the effective energy-momentum tensor sourcing (16), i.e.
While we take no stand in the debate, we will heavily use this fact in the thermodynamic discussion below. Before getting there, we need to review in the next Section the relation between the conservation of the energy-momentum tensor and the Bianchi identities. For convenience of the reader, we report the relation between torsion and contorsion in tensor language,
The Einstein equations (8a) read
We refrained from expanding the completely antisymmetric δ αρσ νγδ since no useful simplification occurs. Notice that for a given contorsion we have a 1-parameter family of conserved energy momentum tensors, labeled by the Immirzi parameter. Finally, using the torsion equations, T eff can be seen to be linear in the source tensor of the Einstein equations, and contain derivative and quadratic terms in the source tensor of the torsion equations.
III. Noether identities and conservation laws
The gravity action (1) is invariant under internal Lorentz transformations
as well as diffeomorphisms,
Specializing the variation of the action (1) to (23) and (24) respectively, and integrating by parts, one obtains the following Noether identities,
These are nothing but contracted forms of the Bianchi identities
Using the field equations (12) in (26) one finds additional relations for the matter sources,
These matter Noether identities can also be derived without reference to the field equations (12): they follow from invariance of the matter action (5) under (23) and (24), on-shell of the matter field equations. See [8, 10, 11] for more details. Recall now that, in the metric formalism, invariance of the matter Lagrangian under diffeomorphisms guarantees the conservation of the energy-momentum tensor,
on-shell of the matter field equations. In the first-order formalism with tetrads, the energymomentum tensor does not appear immediately in the field equations: the closest object we have is the source τ of the Einstein's equations (8a). This quantity is however not conserved, as we can see from (27b), whose right-hand side does not vanish on-shell. Nevertheless, although τ is not conserved, it is easy to identity an effective energy-momentum tensor which is conserved, thanks to the contorsion decomposition (16) . If we take the Levi-Civita 2 Note that the Lie derivatives (24) are not gauge-covariant objects. It is often convenient to consider the linear combination of transformations L ξ = £ ξ + δ ω ξ which is covariant. 3 To obtain (26a), we used the identity (B.6) below. For the reader's convenience, we report the identities also in the more common γ-less case,
exterior derivative d ω(e) on both sides of (16), the left-hand side vanishes identically. This in turns implies the vanishing of the right-hand side, which gives a local conservation law
valid also in the presence of torsion. Equivalently in terms of tensors, the object with vanishing (Levi-Civita) divergence is T eff µν as defined in (22), and it provides the conserved energy-momentum tensor of the theory. 4 This simple observation is well-known in the literature, see [12, 13, 26] (where it is referred to as 'combined energy-momentum tensor'), and can be taken to provide the basis of energy conservation in Einstein-Cartan theory.
For later purposes, we are interested in whether it is possible to derive the conservation law (29) without using the Einstein's equations. This is a bit of a strange question if one starts from an action principle, but it is crucial to Jacobson's thermodynamical argument, where this is not the case. We could not find the answer to this question in the literature, which turns out to be affirmative. The result is the following:
Proposition 1: The matter Noether identities (27) on-shell of the matter and torsion field equations imply the conservation law for the effective energy-momentum tensor (29) .
The proof is a somewhat lengthy exercise in algebraic identities, and we leave it to Appendix 2. We also looked for a stronger result, namely whether (29) also holds without imposing the torsion equation, but we did not succeed. The proof in the Appendix (B) shows explicitly the step in which we use the torsion field equation. To give an idea of what happens, using the contorsion decomposition (27) can be combined to give
(an expression for the Noether identities which appears for instance in [27] ), and using the torsion field equation the right-hand side reduces to d ω(e) of a 3-form.
In tensorial language, the Noether identities for a generic gauge and diff-invariant Lagrangian density L read (see e.g. [11] )
on-shell of the matter field equations. For the Lagrangian density in (1), these give respectively contractions of the algebraic and differential Bianchi identities,
from the γ-less terms, and
for the part in 1/γ. As for the matter action,
IV. Einstein equations from thermodynamics
We now come to the main motivation for our paper: show that Proposition 1 allows us to run Jacobson's argument with the usual equilibrium assumptions. To better appreciate our point, let us briefly recall the key steps of the metric case, referring the reader to [1] for more details.
A. The metric case
Consider an arbitrary metric g µν on a manifold, a point P and a neighbourhood sufficiently small for spacetime to be approximately flat. Denote by ξ µ the future-pointing (approximate) Killing vector generating a Rindler horizon H within the approximately flat region, with bifurcating surface B through the point P . This is by construction hypersurface orthogonal, null at the horizon but not outside, and vanishing at B:
Since it is Killing, it is also geodesic,
The inaffinity κ can be proven to be constant on the horizon, and it is usually referred to as the horizon surface gravity. For a Rindler horizon, constancy of κ follows immediately from the vanishing of the Riemann tensor. 5 It is useful to introduce an affine parameter λ along the null geodesics, with origin at the point P . It can be easily shown that
The set-up thermodynamical derivation of Einstein's equation as proposed in [1] . Local flatness allows to consider approximate Rindler observers ξ µ around any point P of a given spacetime. The associate Rindler horizon has bifurcate surface B passing through P . The system is perturbed by a small flux of matter crossing the past horizon and entering the left wedge. For the derivation to be valid, an infinite family of ξ µ is actually considered, one per each direction.
Given this geometric set-up, the first step of Jacobson's argument is to associate to the Rindler horizon its Unruh temperature:
Next, three assumptions are made: first, that there is an energy flux through the horizon in the near past of P , see Fig. 1 , given by a conserved energy-momentum tensor T µν :
where we used (40) and the constancy of κ. This energy flux will be interpreted thermodynamically as a heat flux, ∆U = ∆Q. Second assumption, that there is a notion of entropy variation associated to the horizon, which is (universally, i.e. independently of the matter state) proportional to the area variation:
where θ is the expansion of horizon. This is controlled by the Raychadhuri equation for l µ ,
The final, technical assumption made in [1] is that at P one can take θ = σ µν = 0, and approximate the solution of the Raychadhuri equation simply by
Using this approximation,
Finally, we observe that using (i − iii) and the approximation (45), the Clausius first law of thermodynamics ∆Q = T ∆S implies
Since this is valid for an arbitrary direction of the Killing boost and at any point, we can remove the integral. The Einstein equations (with an undetermined cosmological constant) then follow by imposing the conservation law ∇ µ T µν = 0. The Newton constant is identified determined by G = 1/(4η).
B. The torsional case
In the Einstein-Cartan theory (1) the connection is a priori affine, and torsion can be present, affecting the geodesic and Raychaudhuri equations. One may then think that the argument above should be substantially revisited. As we now show, this is actually not the case. The first observation we make is that the starting point of Jacobson's argument, a Killing horizon, is a purely metric notion:
Hence by definition, it does not depend on torsion, in spite of the apparent presence of the latter in the last expression above. The constancy of κ on the approximate Rindler horizon also follows like in the metric case from the vanishing of the metric Riemann tensor. Being Killing and null, ξ µ is automatically geodetic with respect to the Levi-Civita connection (which we recall is always well-defined and at disposal since we are only interested in the sector of Einstein-Cartan theory with invertible tetrads), so (39) still holds. Hence, we can run most of the argument as in the metric case.
Step (i) is unchanged. For step (ii), we follow [1] and define the energy flux as the integral of the conserved energy-momentum tensor. Proposition 1 identifies this object uniquely as T eff µν defined in (22) , with its torsional dependence.
Step (iii) is also unchanged: since the generators of the Killing horizon follow the Levi-Civita geodesics (39), the change of the expansion of the generators is governed by the Raychaudhuri equation (44) with the metric Ricci tensor R µν (e) appearing on the right-hand side. Imposing again the equilibrium Clausius relation ∆Q = T ∆S with these (i − iii), and using the same approximation (45), we arrive exactly at
We conclude that the torsion-full Einstein equations, in the form (21) , can be derived à la Jacobson from the equilibrium Clausius relation. No need to consider a torsion-full Raychaudhuri equation, non-equilibrium terms and restrictions on torsion, as argued in [6] and reviewed in the next Section. It suffices to use the result of Proposition 1 to identify the correct energy-momentum tensor.
There is however an important caveat to our procedure: we are assuming the torsion equations to hold, since we used them to prove Proposition 1. This may look unsatisfactory, since it is currently not known whether these equations can be derived from a thermodynamical description. Our logic is that if such a description of the torsion equations exists, then it is consistent to assume that they hold when deriving the Einstein equations. This said, it is also possible that Proposition 1 holds off-shell of the torsion equations, so that these are not needed to derive the Einstein equations. Nonetheless, one would still need to be able to derive the torsion equations from thermodynamics for the whole framework to make sense. Assuming them to hold seems thus to us coherent if a complete thermodynamical framework exists. In any case, the main problem if one does not want to use the conserved energy-momentum tensor is the ambiguity that one faces in defining it, see e.g. [12] . The prescription used by the authors of [6] for instance, is to take what would be the source of the Einstein equations, namely the derivative of the matter Lagrangian with respect to the tetrad (or to the metric, equivalently up to a symmetrization). Notice that this can be tricky in the presence of torsion, because one can work with either the first-order action S(g, Γ) or the second-order action S(g, C). The field equations are completely equivalent since the two actions are related by a (non-linear) field redefinition, however for the sources one has
Both coincide with the general relativity energy-momentum tensor when torsion vanishes, but differ in the presence of torsion. This type of ambiguity reminds us that using a conserved energy-momentum tensor, when available, is always the best choice. We now show how this ambiguity in turn affects the non-equilibrium approach to the derivation of the Einstein equations.
C. Non-equilibrium approach
A more general setting including a non-vanishing shear has been considered in [3, 4] . In this case the presence of additional terms on the right-most side of (43) is incompatible with the equilibrium Clausius relation. Hence to run Jacobson's argument one must assume that there are non-equilibrium terms,
The interpretation of the shear-squared terms as non-equilibrium is justified a priori from the horizon tidal heating effect [4] . It should be noticed however that the same shear-squared terms enter both the T ∆S and the ∆S non−equi contributions, since one is still assuming (43), that the entropy variation is proportional to the area variation. This feature seems to us unusual from a thermodynamical perspective.
In any case, we now discuss the application of the non-equilibrium approach to deriving the Einstein equations, which is more problematic. We start as before from the observation that a Killing horizon is metric-geodetic, and use the same approximations leading to the integrated metric Raychaudhuri equation (45), but this time allowing a non-zero shear in (44). Then from (51) we obtain
The delicate point now is how to define the heat flux, namely what T ??
µν needs to be used on the left-hand side of the above equation. Clearly, the identification of the non-equilibrium terms that will be needed to obtain the Einstein equations (21) depends on how we define the energy-momentum tensor. If, as in the previous Section, the conserved one is used, the only non-equilibrium term comes from the shear, which can then be argued for as in the metric theory following [3, 4] . This shows how the derivation of the Einstein equations from the conserved energy-momentum tensor and metric Raychaudhuri equation can be easily extended to the presence of shear.
If we chose instead to define the heat flux via a source tensor, we would need additional non-equilibrium terms in order to fully reproduce the Einstein equations (21) . The crucial point is whether they can be justified a priori as in the example of the tidal heating, else the construction is artificial. The authors of [6] argue that this is possible, if (a) we choose T ?? µν = T C µν for the heat flux, and (b) we define the non-equilibrium terms as those arising from the torsion-full Raychaudhuri equation that include torsion-full derivatives of l µ . There are three problems that we can see with this construction. First, a Killing vector is metricgeodesic, but in general not geodesic with respect to the torsion-full connection, since from (13) we see that
For this reason, the authors of [6] restrict torsion to satisfy
This restriction implies that metric and torsion-full geodesics coincides, and one can use the geodesic torsion-full Raychaudhuri equation on the Killing horizon. But since the metric and the torsion-full geodesic expansions also coincide, 7 it follows that the torsion-full Raychaudhuri equation is identical to the metric one. Therefore, it is unclear what one gains from this approach, except for a restriction on torsion that in the equilibrium approach presented in the previous Section is not necessary. Second, the identification of the non-equilibrium contributions as torsion-full covariant derivatives of l µ is questionable: we are not aware of any proof that in a spacetime with 7 In the presence of torsion, the displacement of a vector q µ Lie dragged along ξ µ is given by
hence introducing the usual projector ⊥ µν on a 2d space-like surface orthogonal to ξ µ , we have
For the reader interested in more details on geodesics with torsion, see e.g. [15, 16] . 8 Since in order to recover the Einstein equations we will need to consider arbitrary boost Killing vectors, see discussion below (46), the restriction on torsion (54) should hold for any ξ µ . This implies a strong restriction on torsion, that can be satisfied for instance if it is completely antisymmetric. A priori it could be possible to consider a relaxation of (54), allowing for a right-hand side proportional to ξ µ rather than vanishing, since this would only mismatch the inaffinity of metric and torsion-full geodesics. However we don't know whether the derivation of [6] can be extended to this case.
torsion it is the torsion-full shear that gives the tidal heating. Furthermore, the condition of vanishing initial expansion implies that at the point P we have ∇ µ l µ =⊥ µν T µ,νρ l ρ , making some 'non-equilibrium terms' indistinguishable from terms without derivatives, as the authors of [6] acknowledge in a footnote.
Third, there is the ambiguity associated with picking a non-conserved T ??
µν , as discussed before. Had we chosen the alternative source T Γ , which is also more natural from the perspective of a metric-connection action, the same identification of non-equilibrium contributions would not work, as it would miss the terms with covariant derivatives of the contorsion in (21) .
Summarizing, although the non-equilibrium approach has the advantage of allowing to relax the assumption of an initial non-vanishing shear [3, 4] , it is in our opinion ambiguous when applied to gravity with torsion.
V. On the laws of black hole mechanics with torsion
As mentioned in the introduction, Jacobson's derivation is inspired by the laws of black hole thermodynamics. Having shown that the derivation works also in the presence of torsion, at least as far as recovering the Einstein equations, the next question we considered is what happens to the these laws.
We have recalled earlier that the surface gravity of the Rindler horizon is constant simply because the Riemann tensor vanishes. For a general horizon, constancy of the surface gravity is the zeroth law, and its proof uses the Einstein equations and the dominant energy conditions. In the presence of torsion, we can follow the proof with the equations (21) , and the only modification is that the dominant energy condition will be a restriction on the effective energy-momentum tensor.
More interesting is the modification that occurs to the first law. To see this, let us consider the 'physical process' version of the proof [7] , in which an initially stationary black hole is perturbed by some matter falling inside the horizon. For our generalization, we suppose that the in-falling matter has spin and sources torsion, and that the metric and connection satisfy the Einstein-Cartan field equations.
As in the metric case, we assume that all matter falls into the black hole, and that the latter is not destroyed by the process, but settles down to a new stationary configuration [7, 17] . These assumptions are motivated by the no-hair theorem and the cosmic censorship conjecture, which keep their value also in a theory with non-propagating torsion. For example, it is known that a compact ball of static or slowly spinning torsion-full Weyssenhoff fluid 9 admits a solution which satisfies the junction conditions with an external Schwarzschild or slowly rotating Kerr [19, 20] .
Following [7] , we use the linearized Einstein equation to study the effect on the horizon geometry caused by the in-falling matter at first order in perturbation theory,
Being null and hypersurface orthogonal, the affine horizon generators are metric geodetic, and their expansion is governed by the Raychaudhuri equation (44). The background generators l µ are proportional to the Killing generators ξ µ satisfying l µ = −(λκ) −1 ξ µ , with constant κ by the zeroth law. They have vanishing shear and expansion, giving therefore at first order
Integrating along the horizon H from the bifurcation surface B to a cut S ∞ at future null infinity, we have for the total area variation
where we integrated by parts and used that λ| B = 0 since ξ µ | B = 0, and that θ| S∞ = 0 by the late time settling down assumption.
In the standard particular case of torsion-less matter with conserved energy-momentum tensor T µν , we have from the linearized Einstein equations
At this order, we can substitute l µ = −(λκ) −1 ξ µ in the right-hand side integrand
where in the first equality we used that fact the future-pointing volume form on H is dH µ = −l µ dλd 2 S, and in the second the explicit expression ξ µ = ∂ µ t + Ω H ∂ µ φ as well as the definitions of ∆M and ∆J used in [7] . We conclude that the linearized Einstein equations imply the first law of perturbations around a stationary black hole,
For torsion-generating matter, we can follow exactly the same procedure, the only difference being that we use the Einstein-Cartan equations (21) with the conserved effective energy-momentum tensor on the right-hand side. The first law follows as before but with new mass and angular momentum variations
10 To make contact between this 'physical process' version of the first law, and the one in terms of ADM (Arnowitt-Deser-Misner) charges, recall that since we are assuming all matter to be falling in the black hole, the integral along the horizon equals the integral on a space-like hypersurface Σ extending from B to a 2-sphere S ∞ at spatial infinity i 0 . Using again the Einstein equations and the explicit form of the conserved Noether current (see [21] , here κ is the Komar charge and Θ the Einstein-Hilbert symplectic potential) we find
where the final result follows from a standard calculation with ξ µ = ∂ µ t + Ω H ∂ µ φ . See [22] for a derivation of the first law with covariant Hamiltonian methods for Einstein-Cartan theory. We remark that while completing our paper, similar considerations on the role of torsion in the first law appeared in [23] , albeit with what seems to us a particular matter Lagrangian.
determined by the torsion-dependent T eff µν . This is consistent with the results of [20] mentioned above, where the mass of the external Schwarzschild has a torsion contribution from an effective energy density profile of the static Weyssenhoff fluid compatible with the formula above.
Following the same approach of treating the effect of torsion as an effective energymomentum tensor, we can conclude that also the second law of black hole mechanics is still valid, provided the required restrictions on the energy-momentum tensor of matter [2] are applied to the effective tensor (22) .
As for the more elusive third law, a discussion would require a prior understanding of extremal black holes in the presence of torsion, which lies beyond the scope of this paper.
VI. Conclusions
Prompted by the analysis of [6] , we looked at one aspect of conservation laws in EinsteinCartan theory. In the sector of invertible tetrads, where one can choose to split the connection into the Levi-Civita one plus a contorsion tensor, it is immediate to identify a conserved energy-momentum tensor T eff for matter from the Einstein equations. We showed in our paper that T eff can be derived without using the Einstein equations, starting instead from the Noether identities associated with the gauge and diffeomorphism invariance of the matter Lagrangian, and relating them through the torsion equations.
Thanks to this result, we were able to reproduce Jacobson's thermodynamical argument [1] , and derive the Einstein equations from the equilibrium Clausius relation. Our derivation is much simpler than the one proposed in [6] , and does not require non-equilibrium terms nor any restriction on torsion. On the other hand, like in [6] , we are only able to derive the tetrad Einstein equations from a thermodynamical argument, and not the torsion equations as well. This remains an open question in order to truly extend Jacobson's argument to theories with independent metric and connection.
For our construction, we used first the equilibrium set-up of [1] , in particular the initial shear vanishes. Non-equilibrium terms have been advocated in order to relax this assumption [3] [4] [5] , and the same can be done in the presence of torsion: we showed that one can treat the shear alone as non-equilibrium, and still derive the torsion-full Einstein equations with all the torsional dependence coming from the equilibrium part.
On the other hand, non-equilibrium terms could become crucial if one were able to go beyond Einstein-Cartan theory, and apply a thermodynamical reasoning to derive the field equations of modified theories of tetrad and connection with higher order terms, which typically include propagating torsion (and associated ghosts, see e.g. [24] ). It could be interesting if the dissipation present in this case would be associated with dissipation of energy to the torsional degrees of freedom. From this perspective, as well as the perspective of possibly recovering the torsion field equations from a thermodynamical argument, it could be intriguing to consider existing condensed matter models in which dissipating lattice defects introduce torsion [25] .
A. Conventions
We take µνρσ as the completely antisymmetric spacetime density with 0123 = 1, and µνρσ µνρσ = −4!. It is related to the volume 4-form by
We define the Hodge dual in components as
For the internal Levi-Civita density IJKL we refrain from adding the tilde. We use the same convention, 0123 = 1, so the tetrad determinant is
and we take e > 0 for a right-handed tetrad. Curvature and torsion are defined by 
Finally, torsion and contorsion are related by
Both torsion and contorsion have spinorial decomposition (
), which corresponds to three irreducible components under Lorentz transformations (since the latter include parity). They can be defined as follows [26] ,
B. Index jugglers
In this Appendix we prove Proposition 1, namely that the matter Noether identities (27) on-shell of the matter field equations, plus the torsion field equation (12b), imply the conservation law for the effective energy-momentum tensor (29) , reported here for convenience
To prove this identity, we start from (27b). On the left-hand side, we split the connection into Levi-Civita plus contorsion, see (13) , obtaining
where we used
In the second term of the right-hand side of (B.3) we use the second Noether identity (27a), whereas the last term cancels the corresponding one on the right-hand side of (27b), which then reads
(B.5)
In the second equality above we eliminated the torsion source using the corresponding field equation (17) . In the third equality we expanded the curvature using the contorsion, see (15) , and observed that the piece quadratic in C cancels the contorsion part of the exterior derivative in the last term.
11
Having performed these simplifications, our goal is to show the equivalence of the righthand sides of (B.2) and (B.5). This will follow from the equivalence of the terms with the Riemann tensor F IJ (e), and the equivalence of the terms involving the Levi-Civita exterior derivatives. Both are consequences of trivial algebraic symmetries. Let us show them one by one. We notice in advance the following useful cycling identities:
11 Following the same steps but without eliminating the torsion source in favour of the contorsion one gets (30) in the main text, which does not use the torsion field equations but only the Noether identities.
which are easy to check.
To show the equivalence of the terms with the curvature, we start hooking a cotetrad vector field on a trivially vanishing 5-form,
Of these four terms, the third vanishes identically: its 1/γ part directly through the algebraic Bianchi identities for the Riemann tensor, the other part because of the antisymmetry in the LP indices. The second and fourth terms recombine giving the left-hand side of (B.7), hence (B.8) gives
which proves the equality of the curvature terms of (B.2) and (B.5).
The equivalence of the d ω(e) C terms follows analogously. We hook the following 5-form,
Using an identity like (B.7), the second and fourth term give
For the third term we have
which follows from a similar cycling identity as before. Hence, (B.10) gives
which proves precisely the equivalence between the d ω(e) C terms in (B.2) and (B.5).
C. Horizon heat flux
In this Appendix we discuss some details of Jacobson's thermodynamic argument, and consider a different derivation motivated by the (backwards) similitude with the physical process proof of the first law of black hole thermodynamics. Let us first review the physical set-up and its thermodynamical interpretation. With reference to Fig. 1 , we see that from the perspective of the boosted observer the energy flux is coming out of its 'white hole horizon', or as the authors of [5] put it, 'one has to think of the heat as going into a reservoir 
FIG. 2:
The set-up thermodynamical derivation of Einstein's equation as proposed in [5] . Local flatness allows to consider approximate Rindler observers ξ µ around any point P of a given spacetime. The associate Rindler horizon has bifurcate surface B passing through P . The system is perturbed by a small flux of matter crossing the future horizon and leaving the right wedge. An infinite family of ξ µ is actually considered, one per each direction.
which is behind the horizon'. We suppose this must be the reason why (42) is defined with a minus signs with respect to the outgoing energy flux (the future-pointing integration is dH µ = −l µ dλd 2 S, as we used in Section V). An alternative set-up was presented in [5] , see Fig. 2 , placing the energy flux in the future of the bifurcation surface, so to have the boosted observer seeing it falling into its Rindler horizon. Spacetime is initially flat, in particular θ = σ µν = 0 at the bifurcation surface. With the same approximations used in (45) (i.e. constant curvature at first order in the affine parameter from B), one can again derive the Einstein equation from the Clausius relation. The physical interpretation of the Clausius law is the same: there is a negative energy flux which corresponds to a reduction in entropy, and assuming an entropy universally proportional to the area this translates into the focusing of geodesics. But now the initial heat reservoir is within the domain of causality of the boosted observer, which is an appreciable feature to have.
Within this '11 set-up, the analogy between the argument and the first law is manifest, and it suggests an alternative procedure, with the advantage of relaxing the constant curvature approximation, at the price of an additional assumption. Consider the same set-up of Fig. 2 , but let us assume this time that spacetime is initially arbitrary, and that long enough after the flux has crossed and perturbed the horizon, the latter 'settles down' to Rindler again. This is an assumption, which in the case of the first law is motivated by the no-hair theorem; it has no corresponding backing-up in the case of a Rindler horizon that we know of, but we observe that the same assumption is used to derive the results of [28, 29] . We can then treat the Raychaudhuri equation not at first order in l, which implies a constant curvature, but at first order in the metric perturbations, with small but otherwise arbitrary curvature along the horizon. Thanks to the assumption of Rindler behavior at later times we can obtain the area variation integrating by parts as in (57) in the main text, without needing to know the explicit solution to the Raychaudhuri equation.
Then, using the same steps (i − iii) (with a small energy-momentum tensor δT µν ), but replacing (45) with (57), we can again derive the Einstein equations. This alternative derivation has the nice feature, to our taste, of not requiring constant curvature and energy-momentum tensors, with the consequence of making all dλ integrations really not significative. However it can hardly be considered a more solid derivation, as we initially hoped, because of the ad hoc 'Rindler stationarity' assumption at late times. This could be removed if we reverse the boundary conditions, and required that spacetime is initially Rindler, namely at B, and can be arbitrary at later times. However the derivation does not work unfortunately, unless curvature is constant again, which is what allows the authors of [5] to reverse boundary conditions with respect to [1] .
